Abstract. In this note, Toeplitz operators on discrete abelian quasily ordered groups are studied, and a theorem of R. Douglas is generalized.
Introduction
Throughout the note, we assume that G is a discrete abelian group. For any subset G + of G, we say that (G, G + ) is a quasi-partial ordered group if 0 ∈ G + , G + + G + ⊆ G + and G = G + − G + ; further, (G, G + ) is referred to as a quasily ordered group if G = G + ∪ (−G + ). Note when G 0 + = G + ∩ (−G + ) = {0}, then a quasipartial ordered group ( resp. quasily ordered group ) (G, G + ) is known as a partially ordered ( resp. ordered ) group.
Let { e g g ∈ G} be the usual orthonormal basis for 2 (G), where
For any E ⊆ G, let 2 (E) be the closed subspace of 2 (G) generated by { e g g ∈ E }; its projection is denoted by p E . For any g ∈ G, we define a unitary u g on 2 (G) by u g (e h ) = e g+h for h ∈ G. For any subset E of G, the C * -algebra generated
and is called the Toeplitz algebra with respect to E.
Toeplitz algebras on the quarter-planes have been studied by many mathematicians; see [1] and [2] for example. Associated with such Toeplitz algebras are the usual quasily ordered groups (
where T is the unit circle in C 1 and T Z+ (Z) is the classical Toeplitz algebra (see Corollary 4 below). In this note, under a setting of quasi-partial ordered groups, we generalize such a result.
The main results
Let G be a discrete abelian group and (G, G + ) a quasily ordered group. By an isometric representation (V, H) of G + , we mean H is a Hilbert space and V :
[9], Theorem 3.5). Let G be a discrete abelian group and (G, G + ) a quasily ordered group. Then for any isometric representation V :
Remark. (1) Let (G, G + ) and (E, E + ) be two quasily ordered groups. If there is an isomorphism of groups ρ :
. (2) Let G be the dual group of G. Since G is discrete and abelian, G is compact and it is connected if and only if G is torsion-free. By [6] , Proposition 7.1.6, we know that the reduced group C * -algebra C * 
Now let (G, G + ) be a quasily ordered group. By definition, we know that
So if we set G 1 = G * + ∪ {0}, then for any x ∈ G 0 + and y ∈ G * + , we have x = (x + y) − y ∈ G 1 − G 1 ; therefore (G, G 1 ) is actually a partially ordered group. Further, by ( * ) we know that (
) is an ordered group. Next we generalize R. Douglas's result to a more general setting, but first we need a definition. 
Definition. Let G be a discrete abelian group and (G,
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then V is an isometric representation of G + . By Lemma 1, we know that there is a C * -algebra morphism π :
On the other hand, by Lemma 1 and Corollary 2, we know that there are C * -algebra morphisms ρ :
It is easy to show that for any g ∈ G 1 and h
, and since C( G 0 + ) is nuclear, by [5] , Corollary T.6.9, we know that there is a C * -
for any g ∈ G and h ∈ G 0 + .
Corollary 4 ([10]
). Let p, q ∈ Z such that there exist r, s ∈ Z with the property
Proof. Define a deformation retraction φ :
Since rp + sq = 1, we know that 
